HOMOLOGY, MIXED MULTIPLICITIES AND FIBER CONES 
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' Abstract. In this paper we study the Hilbert coefficients the fiber cone. We also compare the depths of the 

fiber cone and the associated graded ring. 

'nI" ■ 1. Introduction 

(N 



Throughout this paper we will assume that {R, m) is a local ring of dimension d with infinite residue field. Let / 
^ ' be an ideal in {R, m), then the blowing up of Spec R with center V{I) is the morphism Proj R[It] — > Spec R with 
^ ' exceptional divisor Proj{R[It] R/I) and the fiber of m is Spec {R[It] R/xn). The ring R{I) := R[It] = 
e„>o/"t" is Rees ring, G{I) := e„>o/"//"+^ is the associated graded ring. We call F{I) := e„>o/'Vm/" 
is the fiber cone. All these rings are called the blow-up rings. The Rees ring and the associated graded ring 
have been studied in great detail. Of recent interest is the fiber cone. Let Ii and I2 be ideals in {R, m) We call 
Fii (h) '■= ©n>o^2 /-^i-^2 ^^^^ cone of I2 with respect to Ii. We are interested in the Hilbert coefficients of 

Fj^ {I2) and its depth. 



> 

Tj" ■ Interest in the the Hilbert coefficients of an m-primay ideal began with the work of Northcott UNol and Narita 
llNal . Later Sally (||Sll, ISH) reaUsed that the depth of the G(m) played a major role in the study of the Hilbert 
Q ■ coefficients of l{R/m^). These results were gereralised to any m-primary ideals by the second author in her thesis 
O ■ O. She use the Koszul complex of the Rees ring to obtain several interesting results on the depth of the associated 
graded ring and its relation with the Hilbert coefficients. T. Marley and A. Huckaba subsequently constructed a 
complex which they called the modified Koszul complex via which they generalized the complex obtained in lAj 
and could get some more interesting results BHML 



The Hilbert coefficients of the fiber cone has been of interest recently. Very little is known about the Hilbert 
coefficients of the fiber cone. In HDVlll and IIDV2II we were able to obtain the Hilbert series of the fiber cone in 
some special cases. Later in HJVlll . IIJV2II and HJPVII the first Hilbert coefficient and the Hilbert series in some 
special cases was obtained. In all these papers it was evident that if the associated graded ring had high depth then 
so did the fibercone. In HDPl . the first author and T. Puthenpurakal, obtained some relations among the first few 
coefficients, under certain conditions. In this paper we investigate the remaining coefficients. Recently Rossi and 
Valla HRVl obtained a few interesting results for the fibercone of a /-good filtration of a module. 

Our approach towards the study of the fiber cone is via the bigraded filtration F = {/"^/2 ^}ni>o,n2>o vvhere 
= Ur}n>o (resp. F2 = {/2W0) is h (resp. h) good filtration. Let xi^^ = xii,...,xik, G h and 
X2fc2 = ^21 , • • • , X2k2 £ h- We construct a bigraded complex which we will denote by C (xi^^ , X2A;2 , J^, , ^^2))• 
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This complex is obtained using the mapping cone construction in a similar way as in BHML The beauty of this 
construction is that by specializing either the ideals or the exponents we are able to recover results simultaneously 
for the associated graded ring as well as the fiber cone. Thus we have a single complex which can give information 
on both the graded rings. 

Using the bigraded filtration we obtain Huneke's fundamental lemma for two ideals. This was obtained first by 
Huneke for an m-primary ideal in a two dimensional Cohen-Macaulay local ring {R, m) MHunl and was generaUsed 
to m-primary ideals in a d-dimensional Cohen-Macaulay local ring in HHucl . In HJVlll . this result was generalised 
for the function 1{R/ I1I2), where Ii and I2 are m-primary ideals in a two dimensional Cohen-Macaulay local 
ring and Ii is an ideal containing I2. In section three we obtain Huneke's fundamental lemma for any any two m- 
primary ideals in a d-dimensional Cohen-Macaulay local ring. As a consequence we are able to obtain the Huneke's 
fundamental lemma for the fibercone F/^ {12)- 

In this paper we are also able to obtain a formula for all the Hilbert coefficients in terms of lengths of homologies 
of C(xifc J , X21 , J^, (ni , 712 ) ) . We give an upper bound on the first Hilbert coefficient and describe when the upper 
bound is attained. 

An interesting result which plays an important role in the Cohen-Macaulayness of blowup rings is the well 
known result of Goto and Shimoda which gives a necessary and sufficient condition for the Rees ring to be Cohen- 
Macaulay MGSII . From their result it follows that if {R,xn) is a Cohen-Macaulay local ring and the Rees ring is 
Cohen-Macaulay, then so is the associated graded ring. A natural question to ask is whether the depth of the fiber 
cone is related with the depth of the other blowup rings. In this paper we show that the vanishing of the homologies 
of the complex /ij(C(xi,X2fc2,«F, (1, 712)), depth G{l2) and depth Fj^{l2) are inter-related. 

The paper is organised as follows. In Section two describe the complex C(xifej,X2i, J^, (ni,n2)) and develop 
several interesting consequences. In Section three prove the Huneke's fundamental lemma and describe the first 
Hilbert coefficients of the fiber cone. In section four we describe the remaining fiber coefficients. In section five we 
give a relation discuss the vanishing of homologies of the complex C (xi , :x.2k2 ! ( 1 ! ) ) , the depth of the fiber 
cone and the associated graded ring. 

The results in this paper can be used to compare depths of blowup rings of contracted ideals in a regular local 
ring of dimension two. We can also compare the depth of the associated graded ring and ideals of minimal mixed 
multipUcity (HDD, llD2ll ). 

Acknowledgements The first author is grateful to J. Verma for motivating the topic. The first author also 
wishes to thank Universita di L'Aquila, for local hospitality and Progetto INDAM-GNSAGA for financial support 
during the preparation of this work. 

2. The Koszul Complex 

Let {R, m) be a local ring and let Ii and I2 be ideals of R. Let Ti = {/f }„>o, i = 1, 2 be Ij-good filtrations and 
let T = ''}ni,n2>o- Let xi^ : xn, . . . , xik^ G h and let X2fc : X21, • • • , X2k2 ^ h- We construct the bigraded 

complex: C(xifcj,X2fc2, J^, (ni,n2)) as follows: 
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Using the concept of mapping cylinder we can construct the following complexes ( IIHMII ): 



(1) C(xifei, J"i, (ni,n2)) : 



R 



^1 ^: 



R 



R 



R 



(2) C(x2fc2,-^2, (ni,n2)) : 



71 



j-ni Tn2-k2 
-'l ^2 



R 



( ^ 



R 



We also have the mapping of complexes: .3:21 :C(xifcj,J', (ni,n2 — 1)) — > C{-xik^,T, (711,712)) 



R 



r"l-'-l r 
^1 ^; 



(fci'-l) 



-fci+i 



^1 ^2 



e^) 



J 1 ^2 



__R 

^1 ^2 



R 



r"i r'»2-i 
^1 ^2 



e/) 



The mapping cylinder of these two complexes is the following complex which we denote by C (xi^^ , X21 , (ni , 712 ) ) 
and is of the form: 







R 



jni-ki rTi2-l 



R 



R 



R 



R 



R 

r"l r"2 
^1 ^2 



0. 



Inductively, for fei , A;2 > we get the complex which we denote by C (xi^^ , X2fc2 , J-", (tii , 77,2 ) ) : 



(3) 







R 



l—ki jn2 — k2 



©}=o (7^ 



R_ 

^1 ^2 



Remark 2.1. Note that if ki = 0, then, 

C(xifci,X2fc,,7', (711,712)) = C(x2fc2,-7^, (ni,7l2)). 

We have the short exact sequence of complexes: 

(4) C(xifei,X2,fe2-i,-^, {ni,n2)) -> C(xifci , X2,fc2 , (ni,n2)) C(xifci , X2,fc2-i , (ni,n2 - 1))[-1] -J- 
and the sequence of homologies: 

(5) //j(C(xifcj,X2fe2,-^, ("-l,»^2))) //i_i(C(Xifcj,X2fc2-l,-^, ("-l,»^2 - 1))) 

iy,_i(C(xifej,X2fc2-i,-^, (m,n2))) -> -9',-i(C(xifcj,X2fe2, J^,(ni,n2))) ••• 

Theorem 2.2. Let {R, m) be fl Cohen-Macaulay local ring and let Ii and I2 be m-primary ideals ofR. Let ki,k2 > 
with ki + k2 > 1. Let xi^^ G Ii and X2k2 ^ hbe a superficial sequence for Ii and I2 which is a regular sequence. 
Then 
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(1) Forallni,n2 G i7o(C(xifc^ , xgfc, , J", (ni, ns))) 



R 



(2) Forallni > landn2 > 1, Fi(C(xifc^,X2fc,, J", (ni,n2))) 



/l"^/2"^ + (xi,,,,X2fcJ- 

(xifc,,X2fcJn/r/2"^ 



j-rii-l Tn2 I „ rni 7-712-1 ' 



(3) Forallni,n2 G Z, Ffci+fc2(C(xifci,X2fc2,^, (^1,722))) 



Proof. (1) and (3) are easy to verify. We prove (2). Consider 



(/r-^^+^:(xu,))n(/2"-^-+^(x2fc2)) 

jrii—ki Tn2—k2 
^1 ^2 



■02 



R 



TTii — l jn^ 
-'1 -'2 



R 



jni—2 j-n2 
-'1 -'2 



-'1 -'2 



-'1 -'2 



T»ll-1 T712-1 

-'1 -'2 



-'1 -'2 



rrii-l Tn2 
-'1 -'2 



-'1 -'2 



We claim that 



KerVi ^ (xifc,,X2fcJnir^l2"= 



ImV2 ^^ujr~^iT+^2k2iTiT 



Put = xii, 1 < i < A:i and Xj+j = 3;2j, 1 < i < A;2. Consider that map 

(xi,...,Xfe,+fcJn/i"^/2"' 



(j) : (iTer^i 



defined by 0(a']^, . . . , a'^^_,_^.^) = (xioi + • • • + Xfci+A:2afci+fc2)' where primes denote the respective residue 
classes. 



Claim: There exist elements bi, . . . ,bki G /"^ ^^2 ^/ ^fci+i, • • • > ^fci+fca ^ /"^/2 ^ ^ and elements rij,rji G 
i? such that 



(6) 

and equations 
(7) 



fci+fc2 

j=i j=«+i 



fcl+fc2 

fc=j+l 



i-1 



fcl+fc2 

xkbk 

k=i+l 



where the terms for which the subscripts are negative are zero. 

We prove by induction on i. Let i = 1. Since {a[,. . . , a'^^^^J G Ker ipi, there exist elements 5i, . . . , G 
jni-ijrio ^j^j elements ftfci+i, . . . , bk^+k2 such that 



(8) 

Then 



xiai H h 3;fcj+fc2«fci+fc2 = xibi^ Xk^+k2^ki+k2 



xi{ai - bi) G (X2, . . . ,Xfci+fcJ. 
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Since xi, . . . , Xk^+k2 is a regular sequence in R there exist elements rij G R such that 
(9) 



fci+fc2 



Substituting © in (|5]) we get 



(10) 

which gives 



Xi 



ki-\~k2 

i=2 



i=2 



fcl+fe fcl+fc2 

This proves the claim for i = 1. 

Now suppose i > 1 and that the claim is true for i. Then by induction hypothesis we have 



(11) 
Hence 

(12) Xi+i 

Therefore 
(13) 



ki+k 2 
k=i+l 



ak + ^XjVjk 



Oi+i - bi+i + ^ xjrj^i+i 



ki+k2 

+ y^^ xk 

k=i+2 



fel+fe2 

fc=i+l 



fc-1 



fcl+fc2 

k=i+2 



Xi+1 



ai 



+1 - + y^ 



G (xi+2,...,a;fc^+fc2). 



Since Xj+i, . . . , Xk^+k2 is a regular sequence, there exists elements rj+i j e R, i + 2 < j < ki + k2 such that 



A:i+fc2 



(14) 



j=l j=i+2 



ki+k2 

y^ Xj-Tj+ij- 
i=i+2 



Substituting ((14)) in ((12)) we get 
(15) Xi+i 
The left side of the above equation is: 
(16) 

This completes the proof of the theorem. 



ki+k2 
k=i+2 



ak + ^xjrjk 



fel+fe2 

y] xkbk. 

k=i+2 



ki+k2 
k=i+2 



□ 



6 



CLARE D'CRUZ* AND ANNA GUERRIERI 



We now describe the vanishing of some of these homologies. 

Lemma 2.3. Let (R, m) be a Cohen-Macaulay local ring. Let Ii and I2 be m-primary ideals of R. Let ki and k2 be 
non-negative integers with ki + k2 > 1. Let xu, . . . , xi^^ e Ii and X21, ■ ■ ■ , X2k2 ^ h- such that xi^^, X2fc2 is a 
regular sequence which is superficial for h and 

(1) Letki = {) Then for all i > 1 and/or aZ/ ?i2 ^ 0, ffj(C(x2fc2, ("-i, ?^2))) = 0. 

(2) Let ki = 1 and k2 > 1. Then for all i >2 andfor all n2 ^ 0, ffj(C(xi,X2A:2, J^, (^1,71,2))) = 0. 

(3) Let ki,k2 > 2. For all i > 1, Hi{C{xi ki,^2 fcai -^i ("-i; ^2))) = z/rii » and n2 > 0. 



Proof Let ki = and k2 = 1. Then by Theorem IZIHSl) 

H,{Cixu:F,in,,n2))) = ''^^U ■ 

Since xi is regular and superficial for T, 1x2 » 0, ^ : [xi) = If '"^ Hence Hi{C{xi,T, (ni, 722))) = 
for all n2 > 0. 

Let k2 > I and assume that (1) is true for ki — I. We have the exact sequence of complexes 

C(X2 k2-l,J^, (m,"-2)) C(X2 k2,J^, ("'l,?T-2)) C'(X2 k2-l,^, (?^1,"'2 " ^ 

gives rise to the sequence: 

■■■ Hi{C{x2k2,J',(.ni,n2))) i?i_i(C(x2 fc^-i,-^, (f^i,f^2 - 1))) 

^> ifi_l(C(x2 ("'l,n2))) Fj_i(C(x2 fc2-l,-^, ("'l,?^2))) ■■■ 

Put i = 1 in the complex (fTT)) . For 7i2 ^ we have the exact sequence 

(18) Hi{C{-x.2k2,^, (ni,?i2))) Ho{C{:x.2k2-i,J^, {ni - l,n2))) Ho{C{x2k2-i, J^, ("-1,712)) ^ 

since i/i(C(x2fc2-i, ?^2))) = for all 722 > 0. 

By Theorem 122] and the sequence (fTSl ) we have 

R R 
— > Ha (C(x2 i-, , in-i , n2))) — > ^ > „ ^„ ; ^ — > 0. 

^ ^ ^ ^ I'^^q^-^ + {x2k2^l) /r/2^+(x2fc,_l) 

Let J" denote the filtration -F/(x2 fea-i)- Let X2 ^2 denote the image of X2 k2 ir* R/{^2 fea-i)- Then by the 
case k2 = 1, Hi{C{x2k^, ^ , (77,1,712))) = for all 712 ^ 0. If i > 1, then by induction on k2, for all i > 1, 
-f^i(C(x2 fc^-i, J", (721,712))) = for all 7Z2 » 0. Hence from ([IT]), i7j(C(x2 fc^-i, -^i (?^l, ^^2))) = for all 
722 » 0. This proves (1). 

Now let ki = 1. Now if i = 1 and if 711 » 0, then once again by the argument similar to (1), we can show that 

for all 72i, 77-2 2> 0, Hi{C{xik^X2i,T, (711, 77,2))) = 0. Let i > \. Consider 



C(x2fc2, J", (711,7^2)) > C{xi,X2k2,J^, ini,n2)) — > C{x2k2,J^, ("-i - 1,7T,2))[-1] 



0. 
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This gives rise to the exact sequence 

> i7i(C(x2fc,, J", (ni,n2))) i?j(C(xi,X2fc,7', (ni,n2))) i7i_i(C(x2fc, , 7", (ni - l,n2))) • • • 

By the previous case //j(C(x2fc2 , J", (ni,n2))) = Hi^i{C{-x.2k2, ^, {ni — l,n2))) = for all i > 2 and for all 
712 ^ 0. This proves (2). 

(3) follows by induction on A;i. □ 
Notation 2.4. 

/ii(xifc^,X2fcJ(ni,?i2) = ^(-fri(xifc^,X2fc2,-^, (ni,n2))) 
^i(xifci,,X2fcJ(ni,*) = ^ /ii(xifc^,X2feJ(ni,n2) 

n2>0 

/li(xifc^,X2fcJ(*,n2) = ^ /lj(xifc,,X2fcJ(ni,7l2) 

ni>0 

/li(xifci,X2fcJ = ^ /li(xifcj.X2fcJ(ni) 

ni>0 

= ^ ^i(xifc^,X2fcJ(n2) 

712 >0 

/ii(xifcj(ni,n2) = £(i?i(xifc^, J", (ni,n2))) 
/ii(x2fcj(ni,n2) = £(i?i(x2fc2, J", (ni,n2))) 



The complex C(xi, X2, J^, (ni, 77-2)) satisfies a certain rigidity. The rigidity condition was proved for the complex 
C(x2fc2 5-^i (Oi "^2)) was proved in HHMI Lemma 3.4]. The same proof can be adopted to show the rigidity of the 
complex C (x2fc, , J", ( 1 , n2 ) ) and C (xi , X2fc, , 7", ( 1 , 722 ) ) . 

Lemma 2.5. Leti > landk2 > 1. Suppose Hi {C{x2k2,J^, (li"-2))) = 0foralln2 > 0. Then Hj{C{x2k2,^, (1)"'2))) 
Ofor all j > i and 112 > 0. 

Proof. Let k2 = 1, there is nothing to prove. Hence we can assume that /c2 > 2. The proof here is similar 
to that of [HMl Lemma 3.4] applied to the complex 

.j^. ^ /72(C(x2fc,,7-,(l,7i2))) ^ Hi{Cix2k2~uTAl,n2-m 

//l(C(x2fe2-l,-^,(l,n2))) ^ /7i(C(x2fe,,7-,(l,7l2))) ^ 

□ 

Lemma 2.6. Leti,k2 > 1. Suppose Hi{C{xi,X2k2,J^, {^,^2))) = 0foralln2 > 0. Then Hj{C{xi,X2k2,J^, (l5'^2))) = 
Ofor all j > i and 712 > 1. 



Proof. Suppose 

i^i(C(xi,X2fc2,-^, (1,?^2))) = for all7i2 > 0, 
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for some i > 1. We have the exact sequence 

,2Q^ ^ i?i+l(C(2;i,X2fc,, J", (1,?12))) i7i(C(x2fe,,-F, (l,n2 - 1))) 

U F,(C(x2fe,J-,(l,n2))) ^ HiiCixi,X2k,,T,il,n2))) = 
How use Lemma ITSl and the proof is similar to |HMl Lemma 3.4]. 



□ 



The following lemma was proved for the complex C{y.2k2 > (0, ?^2))■ Replacing by the above complex 

C{xi,yi2k2,^-, (l,"-2)) (resp. C{xi,yi2k2, ^ ■, (1,^2))) we get Lemma |22l(resp,|Z8ll. 

Lemma 2.7. Let i>l and k2 > 2. Then 

j;(-ir*/i,(x2fcj(i,*) >o. 

Equality holds if and only if for all j > i, n2 > and < a < k we have 

F,(C(x2fc,_„7-,(l,n2))) = 0. 

Proof. The proof is similar to the proof of |HMl Theorem 3.7]. □ 
Theorem 2.8. Let i > 1. Then 

5](-iy-%(xi,X2fcJ(l,*) >0. 

Equality holds if and only if j > i,n2 >0 and < a < k we have 

i/j(C(xi,X2fc2_a, J", (l,n2))) =0. 

Proof. The proof is similar to the proof of IIHMl Theorem 3.7]. □ 

3. HUNEKE'S FUNDAMENTAL LEMMA AND MULTIPLICITY OF THE FIBER CONE 

Let {R, m) be a local ring and let / be an m-primary ideal of R. It is well known that for n » 0, the 
function H{n) := £{R/I^) is a polynomial which we will denote by P{n). For a two dimensional Cohen- 
Macaulay local ring and an m-primary ideal /, Huneke gave a relation between A^[P(n) — H{n)] and 
the multiplicity of the ideal / which is known as Huneke's fundamental ( MHunl Lemma 2.4]). This was 
generalised for an m-primary ideal in a d-dimensional Cohen-Macaulay local ring in |Huc|l and for an 
Hilbert filtration in IHMI . In |IHM]| they showed that the function A'^[P(n) = H{n)] and the lengths of 
the length of homology modules namely /ii(x2fc2)(0, 712). In |JV1] Corollary 3.2], Huneke's fundamental 
lemma was generalised for the fucntion i{R/KI"-), where / is an m-primary ideal in a two dimensional 
Cohen-Macaulay local ring and K is an ideal containing /. 

We state the most general form of the Huneke's fundamental lemma for a d-dimensional Cohen- 
Macaulay local ring. This generalizes the earlier results. 
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Notation 3.1. Let f : I? — > I? he a function. Define 

i=o j=o ^ JJ \ J J 

Theorem 3.2 (Huneke's fundamental lemma for two ideals). Let {R, m) be a Cohen-Macaulay local ring and 
let Ii and I2 be m-primary ideals and ki and k2 non-negative integers with ki + k2 > 1. Let xi^.^ G Ii and 
X2fc2 ^ h- Assume that xi^^ , X2k2 a Rees-superficial sequence for Ii and I2. Then 

A^^^^^Hr{ni,n2) 



Proof. From Theorem 12.21 and the complex (jSj) we have 

= ^{-'^yhi{yLik^,^2k2){ni,n2) 

V-'l ^2 + lXi,fc,,X2A;jy Vxui/i' +X2fc2A^2 / 7^ 

□ 

Let Ii and /2 be m-primary ideals and let T = I^^Il^'^ . It was proved in [?] that for large values of r and 
s, the function Hjr{ni,n2) ■= 1{R/ T^^ l2^) is given by a polynomial Pj-(ni, 77-2) of total degree d in r and s 
and can be written in the form: 

PAn,,n2)= E 

where ej^j^ are certain integers. When ii + 12 = d, we put ej^j^ = e^^ (/i I/2) for i2 = 0, 1, . . . , d. In this case 
these are called the mixed multiplicities of Ii and l2- Rees introduced superficial sequence, what is well 
known as the Rees superficial sequence in order to explain mixed multiplicities. An element xi € /i is 
superficial for Ii and I2 if for all rii ^0 and for all n2 > 0, we have xi n/[^ = xi/"^ "^/g ^ . A sequence of 
elements xi,X2, . . . , 2:^1, 2:^1+1, 2:^1+2, • • ■,Xk,+k2 where xi,xi2, ■■■,Xk, £ h and x^^+i, 2:^.^+2, • • ■,Xk,+k2 ^ 
I2 is a superficial sequence if xj is superficial for Ii and I2 where — denotes the image modulo xi, . . . ,Xi-i. 

It is well known that ej(/i|/2) is the multiplicity of a superficial sequence xi £;_j,X2,j of Ii and I2. In 
particular, eo(/i|/2) = arid Cdihlh) = e{I) where e(.) denotes the Hilbert-Samuel multiplicity |R1| . 
The other mixed multiplicities too can be shown to be Hilbert-Samuel multiplicities of certain systems of 
parameters ([T] and |R2l). 
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Corollary 3.3 (Huneke's fundamental lemma and the difference function). Let (ii, m) be a Cohen-Macaulay 
local ring and let Ii and I2 be m-primary ideals and k and non-negative integer. Let xi^ G h and X2.d-k G -^2- 
Assume that ^i^k,^2,d-k a Rees-superficial sequence for Ii and I2. Then 



(21) A*^'-^-^ [PAni,n2) - H^{n^,n2)] 

- ^(-l)*/ii(xifc,X2,rf_fc)(ni,n2 



jni jn2 
-'1 -'2 



i>2 



y^lk^l -'2 +X2,d-fc-'l -'2 

Proof. Put ki = k and A;2 = d — A; in Theorem 13.21 the right hand side of equation (??) is 
(22) i ( --.^ -1 -li (^l^^^2,.-fc)n/iJ2"- \ 

WiT + {^ik,^24-k)) WikiT + ^24~khiT~^ ' H ifc, 2,d fcn 



Xu.i2 +X2,d_fcJli2 
\ //f^/2"' + (xi,fc,X2,rf_fc)- 



{^lk,^2A-k) J \ (xi,fci,X2fc 



r^rr;^ TT^ +Z^(-1) /ii(xife,X2,rf_fc)(l,n2) 

\Xifc-/2 +X2,d_fciiJ2 / j>2 

(III^'' \ 
.n, , ^ ^ . .n,-l +y'(-l)*/li(2;i,X2,d_fc)(l,n2) 
Xlfe^2 + X2,d-fc-'l-'2" / j>2 

(r rn \ 
^ ^ ^ +5](-l)^/i,(xi,X2,,_fc)(l,n2). 
Xifcig + X2,d-A:Jli2" / ,>2 



□ 



In |JV2t Proposition 2.5] a version of Huneke's fundamental lemma was obtained for the fiber cone 
(^2) of dimension two where I2 is an m-primary ideal and Ii 5/2- We obtain a generalization for the 
fiber cone Fj^ (I2) of dimension d > 2 and for any two m-primary ideals Ii and I2 (see Theorem 13. 7|) . 

It is well known that for any two m-primary ideals in a local ring {R, m), the function H{Fj^ {l2),n) := 
Hjr{l, n) — Hjr(0, n) = //i/g ) is a polynomial say P{Fi^ ih),n) of degree d — 1 which can be written 
in the form 

p(F, (/.),„) = /„,, (" - ') - /,,, (" +^ - 2) + . . . + (-D-v.-u.. 

Lemma 3.4. [Huneke's fundamental Lemma and mixed multiplicities] Let Ii and I2 be an m-primary ideals in a 
be a Cohen-Macaulay ring {R, m) of dimension d>2. 

(1) Let xi € /i and X2,d_i G h- Assume that xi,:x.2,d-i is a Rees superficial sequence for Ii and 12- Then 
(23) A-^-i [H{Fi,{l2),n)] = e,„i(/i|/2) - ^ f — — ^i^-— ^) + X2 n). 
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(2) Assume that € I2 is a Rees superficial sequence of Ii and I2. Then 

(24) A''-'[H{Fj^ih),n)] = eih)-li ^„ ^ + X2,,-i)(l, n). 

\X2dI2 + ^2,d-lhl2 J ~^2 

Proof. We first prove (|23)). Put ni = 1, 722 = n, = 1 in Corollary 13.31 The left hand side of ((21]) is 

(25) AM-MP^(l,n)-/7^(l,n2)] 



i=0 j=0 

d~l / , -.x d-1 



= e,_i (/i 1/2) - ("^ 7 ^) ^(^/. U2), n - i) 

i=o ^ ^ 

= ed-i{Ii\l2)-A''~^H{Fj,{l2),n). 
and the right hand side of ((2T]| is 

——-1^-—, j;(-l)^/..(x„X2,,_i)(l,n). 

From (|26l) and ^ we get (|23l) . 

We first prove ((24)) . Put ni = 1, 722 = n. A; = in Corollary l3.3l The left hand side of (|2l]) is 

(27) Ai'-^-i [P^(l,n) -F^(l,n2)] = e(/2) - A'^-i/ZlF,, (12), n). 
and the right hand side of ((2T|| is 

(28) , ^'^^ , ) -E(-l)%(x2,,X2,,-i)(l,n). 

From ([271) and ([281) we get (l23l). □ 
Notation 3.5. We denote 

L1AI2) := lim if 

\xJ^ + ^2,ci-ihir'J 

Lu dih) = lim ^ J . 

^'^ ' \x2dI^ + ^2,d-lhir'J 

The following result was proved in [JPVt Theorem 2.9] for the fiber cone Fm{I)- We prove it for the 
fiber cone Fj^ {I2). 

Corollary 3.6. Let {R, m) be a Cohen-Macaulay local ring of dimension d >2. Let Ii and I2 be m-primary ideals. 
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(1) Let xi G Ii and € l2- Assume that xi, X2^d_i is a Rees superficial sequence of Ii and I2. Then 

(29) /o,a(I2) = ed_i(/i|/2)-L/,(/2). 

(2) Let X2.(i_ii, X2,d G ^2 fl Rees superficial sequence of Ii and I2. Then 

(30) fo,iAh) = ea-iih) - Li^^aih). 

Proof. From Lemma|Z3ll2l) we get X2 = hi{x2d,^2 d~i){^,n) = for all n » 0. Hence from 

Lemma [3!4l we have 

lhnA'^-^H{Fi^{l2),n-i) 

(31) = lime,_i(Ii|/2)-lim£ — ' , ,n-i = e^-i(A|/2) - (/2) 

^ \XiI^ + X2,d-llll2 J 

( I \ 

(32) = lim e(/2) - Inn ^ ^ ' ' , = eih) - Li^^h). 

^ ~^ \X2dJ-2 + ^2,d-lJ-lJ-2 / 

□ 

We now state and prove the Huneke's fundamental lemma for fiber cones. 
Theorem 3.7. [Huneke's fundamental lemma for the fiber cone] With the assumptions as in Lemma lSAt l) we have 

A^-i [P{Fj,{l2),n) - H{Fj,{l2),n)] = £ ( ) - Lj.ih) - X2 d-i)(l,n). 

VxiI^ + X2d-l^l-^2 / J^2 

Proof. The proof follows from Lemma and Corollary l3.6[ 

4. HiLBERT COEFFICIENTS OF THE FIBER CONE 

We now completely relate the Hilbert coefficients fi^^ {I2) with the homology modules /ij (xi , X2 d_i ) (1 , n) 
We are able to extend the results on the coefficients of the associated graded ring in MHucI to the fibercone. 

Recall that H{Fi^ (h), n) is a polynomial in n which we will denote by P(F/j (12), n) and this polynomial 
can be written in the form 

d-l 



p(F,(/,),„)=x:(-i)7u.(";;!-l-') 

1=0 ^ ^ 



The following result is well known. We state it for the state of completeness. 

Lemma 4.1. Let Ii and I2 he he an m-primary ideals in a Cohen-Macaulay ring {R, m). Assume that there exists 
a sequence X2d G I2 such that x^.^ (resp. x^_^) is a superficial sequence in Fi^{l2) (resp. G{l2)). Then for all 

0<i<d-l, 

(1) A'^-i-'P(Fj,(/2),-l) = (-l)7.,7.(/2). 
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(2) A'-'-'P{FjM,0) = j;(-l)V,,/,(/2). 

j=0 

Proof. The proof can be easily verfied for d = I and for d > 1 and i = d — 1. 

Now let d > 1 and let i < d — 1. Let — denote the image in R/x2i. By our assumption of X21, 

dim R/xi = dim R — 1 

dim Fj^ih) = dim Fi^ih) - 1 

A[P(F,,(/2),n)] = P{Fj^(h),n) 

kiAh) = fuSh), foralli = 0,...,d-2. 

Therefore for all i = 0, . . . , d — 2, 

A'^-'-'Pi.ih,-!) = A'^-^-P^^ (72,-1) = (-1)7,77(72) = (-1)7,/. (/2). 
This proves(l). The proof of (2) is similar. 

Corollary 4.2. IIHucl Lemma 2.7] Let f : Z Zbe a function such that f{n) = Ofor n:^ 0. Then 

(1) E jA7(n) = (-l)W-7(-l). 

n=i-l ^ ^ 

(2) E = (-irA^-7(o). 

n=i 

Proof. The proof is similar to the proof of Lemma 2.7 of IIHuc| . 

We now extend Proposition 2.9 of IIHucll to the Hilbert coefficients of the fiber cone. 
Proposition 4.3. Let {R, m) be a Cohen-Macaulay local ring. Let Ii and I2 be m-primary ideals of R. Then 

{l)f^JAh)= i''_^^''-'[P{FiAh),n)-H{Fi,{h),n)]. 

n>i-l ^ ^ 

(2) (-l)^^(-l)V,-7,(/2) + (-1)^+^^ (j) = (^IiV'"' \P{FlAh).n) - H{F,,{h).n)]. 
j=o V 1/ „>j / 

Proof Put j = d - 1 and f{n) = P{Fi^ {h),n) - H{Fi^ [h), n) in CoroUaryHl Then 

Y [.'^AA'^-'[P{Fj,{h),n)-H{Fj,{h),n)] = {-ly A'^-'-^ [P{Fi,{hl-l) - H{F,,{h), - 

n=i-l ^ ^ 

= (_l)iA^-i-[P(i7,^(j2),_i)] 

= hj.ih) [byLemmaim;!)]. 
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Similarly, 



^ r_ ]a'-' [P{Fj,{l2),n) - HiFj,{h),n)] = (-l^A'^-i- [P(F,, (I^), 0) - H{Fj^{h), 

n=i ^ ^ 



j=0 



We now describe the Hilbert coefficeints of the fiber cones in terms of the homology modules 

hi{xi,X2 *)■ 

Theorem 4.4. Let h and I2 be xn-primary ideals in a Cohen-Macaulay local ring {R, m). Then 

R 



□ 



n>l ^ 



III? 



J>2 



,i > 2. 



Proof. By Proposition |43] we get 

/i,7.(/2) = j;A'^"Mni^/.U2),n)-/7(F,,(/2),n)] 

n>0 

= A-^-i [P(F/,(/2),0) - H{FiAh)M + J] A'^-i [P(F,,(/2),n) - //(F,, (J^), n)] 
' R^ 



n>l 



h.h(h)-l 
+ E 

n>l 



hii} 



n>l 



xii^+^2,d~ihir^) 

R 
h 

Xi/2" + X2,rf_l/l/r') 



Yl Y{-'^yhiixi,X2 d_i)(l, n) 



n>l i>2 



i>2 



The third equality follows from Lemma |3^ 

For j > 1 it follows from Lemma |3^ and Proposition 



□ 



We now describe the relation between the different Hilbert coefficeints of the fiber cones and the ho- 
mology modules /ij(xi, X2 d-i)(l, *). 
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Theorem 4.5. Let Ii and I2 he m-primary ideals in a Cohen-Macaiday local ring {R, m). Let i >2. Then 



(-iy5](-i)Vi,/.(/2) + (-i; 



i+i. 



j=Q 



h 



Proof. One can show that 

n>i ^ ^ j=0 

Now use Lemma |5n 



n 



Corollary 4.6. Lei Ii and I2 be m-primary ideals in a Cohen-Macaulay local ring {R, m). 



(33) 

If equality holds in ([33D , then for all j > 2, 
(34) 



R 



n>l 



hi. 



1^2 



Xil^ + ^2,d-lhl2) 



j=0 

Proof ByLemma|Z8l 





= E 




n>j~l 




= E 

n>i—l 



n 

i-1 

n — 1 
i - 1 



xi/2"+x2,d_i/i/r'; 



2^1/2" + X2,d-l/l/2^') 



i/.(^2) 



5](-l)^/l,(xi,X2fcJ(l,*) >0. 



i>2 



Hence by TheoremUl we get (HT). If equality holds in ((41]) . then 

J](-l)'="2/j^(xi,X2fcJ(l,*) =0. 



i>2 
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then by Lemma |Z8l X2fcJ(l, n) = for all j > 2 and for all n. Substituting X2fc2)(l, n) 

alH > 2 and for all n in Theorem [1] and Theorem 14.41 we get (|34l) and dSS)) . 



□ 



Ofor 

□ 



5. Vanishing and depth of associated graded ring and fiber cone 



In this section we are interested in interlinking the depth of fiber cone, the depth of the associated 
graded ring. This has been studied for ideals of minima mixed multiplicity |DVH , ideals of almost 
minimal mixed multiplicity IIDV2| and for ideals of almost minimal multiplicity |JV2[ . 
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The vanishing of the complex C(xi, X2fc, J", (1, n2)) plays an important role. Earlier results in IIP VI L 
tDV2\ and | |JV2| ) can easily be recovered from this (see ||DT| and llD2l ). 

Notation 5.1. Let /i,/2 be ideals in a ring {R,m). For an element x € I2, let x* (resp. x°) denote the 
residue class in I2/I2 (resp. h/hh)- 

We have the exact sequence of complexes: 

(36) 0^i^(x°;,,F7,(/2))(n) ^C(x2fc,^,(l,n)) ^C(x2fc,7-,(0,n)) ^0 

where K{:s.2k°,Fj^{l2))(n) is the Koszul complex of the fiber cone with respect to the sequence = 
X21, • • • , X2i^- Hence we have the sequence: 

.07s > -f^i+i(C(x2fe>-^> (l''^))) ^ -f^i+i(C(a;i,X2fc, -F, (l,n))) 

^ i7i(K(x2fe,,Fj,(/2)))(n) ^ i/,(C(x2fe,,7-,(l,n))) ^ i^i(C(xi, X2fc, .F, (1, n)) 

Recall that we also have the exact sequence: 

0^(:7(x2fc,.F,(l,n)) ^C(xi,X2fc,J-,(l,n)) ^C(x2fc,J-, (0,n)) ^0. 
and the sequence: 

(38) •••^ i?i+i(C(xi,X2fe,.F,(l,n))) ^ i7i(C(x2fc, .F, (0, n))) 
^ ifi(C(x2fc,7', (l,n))) ^ i?i(C(a;i,X2fc, J", (l,n))) ^ ••• 

Notation 5.2. Let 7(x*,G(/2)) = grade (x*,G(/2)) (resp. 7(x°F/^(/2)) = grade (x°,F/^(/2) denote the 
depths of the ideals (X2;,,) (resp. (x?,^) in G(l2) (resp. F/^ {I2)). 

Theorem 5.3. Let Ii and I2 be m-primary ideals in a Cohen-Macaulay local ring {R,m) of dimension d > 2. Let 
xi G /i and X2.d~i G h be such that xi, X2,d-i is a superficial sequence for 1 copy of h and k copies of Let 

i = mm{j\Hd-jiC{xi,X2k,J', (1,™))) ^Ofor somen}. 

Letg = j{x;„G{l2)). 

(1) Ifg<i- I, then 7(x^,F,, (h)) > g. 

(2) Ifg>i,then-f{xl,Fj,{l2))>i. 

Proof Suppose g < « - 1, by IHMl Proposition 3.3], 

(39) Hd^i^g+aCix2k,F, (o, n)) = 0, for all a > 1 [|Al, EMI]. 
By assumption 

Hk-i+aC{xi,X2k,F,{l,n)) = 0, for all a > 2. 

Substituting in ( [38l) we get 

(40) Hk-g+aC{x2k, F, (0, n)) = 0, for all a > 1. 



FIBER CONES 17 

Substituting ^ and gO]) in (|37l) we get 

Hk^g+a{K{^"2k,Fh {h))){n) for all a > 1. 

Similarly if g > i, then one can show that 

Hk_i+a{Ki^2k,Fi,{l2)))in) = for alia > 1. 

Hence ^ix"^^,Fi,{l2))>i. □ 

Corollary 5.4. Let Ii and I2 be m-primary ideals in a Cohen-Macaulay local ring (i?,m). Let xi € Ii and 

Xrf_i e h- Let xi,X2,d~i be a superficial sequence for Ii and 12- Suppose 

d-2 = mm{j\Hd-j{C{xi,X2k,F, (1,^))) ^0 for somen}. 
;/7(x*„ Gih)) >d-l, then 7(x°,F,, (h)) >d-l. 

Proof. Put k = din Theorem 15.31 

Theorem 5.5. Let Ii and I2 be m-primary ideals in a Cohen-Macaulay local ring {R, m). If 



(41) f,j,{l2) = foj,{l2)-£(j)+J2 



R\ ^Lf hl2 



n>l 

and 7(x*^,_,, G(J2)) >d-l then j{^l^_,Fj,{l2)) > d - 1. 



xiq + ^2,d~ihl2~^] 



Proof. By Corollary l4.6[ 

min{j|f/'(i_j(C(xi,X2fc, J", (1, n))) 7^ for some n} > d — 1. 
Now apply Theorem 15 ■3r 2). □ 
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